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Cosmological perturbations of the non-minimally coupled scalar ﬁeld dark energy in both the metric and 
Palatini formalisms are studied in this paper. We ﬁnd that on the large scales with the energy density 
of dark energy becoming more and more important in the low redshift region, the gravitational potential 
becomes smaller and smaller, and the effect of non-minimal coupling becomes more and more apparent. 
In the metric formalism the value of the gravitational potential in the non-minimally coupled case with a 
positive coupling constant is less than that in the minimally coupled case, while it is larger if the coupling 
constant is negative. This is different from that in the Palatini formalism where the value of gravitational 
potential is always smaller. Based upon the quasi-static approximation on the sub-horizon scales, the 
linear growth of matter is also analyzed. We obtain that the effective Newton’s constants in the metric 
and Palatini formalisms have different forms. A negative coupling constant enhances the gravitational 
interaction, while a positive one weakens it. Although the metric and Palatini formalisms give different 
linear growth rates, the difference is very small and the current observation cannot distinguish them 
effectively.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
Our Universe is undergoing an accelerated expansion, and this 
has been conﬁrmed by various observations including the type Ia 
supernovae [1,2], the baryonic acoustic oscillation [3] and the cos-
mic microwave background radiation anisotropy [4], and so on. 
This observed phenomenon can be accounted for by the existence 
of an exotic energy with negative pressure, called dark energy (see 
[5] for recent reviews), or a modiﬁcation of the theory of general 
relativity on the cosmic scale (see [6,7] for recent reviews). The 
simplest and most popular candidate of dark energy is the cosmo-
logical constant [8–10]. On the one hand, it ﬁts almost all observa-
tional data very well; on the other hand, however, it suffers from 
two seriously theoretical problems: coincidence problem and ﬁne 
tuning problem. Thus, some minimally coupled scalar ﬁelds, such 
as quintessence, phantom and quintom, are proposed for the ex-
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SCOAP3.planation of the accelerating cosmic expansion. Quintessence [11]
is a normal scalar ﬁeld with the equation of state being larger than 
−1, while phantom [12] has a negative kinetic term, which leads 
to a less than −1 value for its equation of state. Quintom [13], 
a combination of quintessence and phantom, can realize a crossing 
of the phantom divide line (−1 line) for the equation of state.
Besides the quintom scalar ﬁeld dark energy, a non-minimal 
coupling between quintessence and gravity can also realize the 
crossing of the −1 line for the effective equation of state [14–17]. 
The advantage of the latter is that the phantom matter is not 
needed. Furthermore, it has been found that non-minimal cou-
plings are generated naturally when quantum corrections are con-
sidered and they are essential for the renormalizability of the 
scalar ﬁeld theory in curved space. As a result, a scalar ﬁeld with 
a non-minimal coupling to gravity has been suggested to be re-
sponsible for both the early cosmic inﬂation [22] and the present 
accelerated expansion [14–21]. Quintessence with a non-minimal 
coupling between the scalar ﬁeld and the curvature scalar is the 
special case of the scalar–tensor theories [23–37], and it is called
extended quintessence.
It is well known that the curvature scalar R , on the one hand,
can be deﬁned in the metric formalism in which only the metric  under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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obtained from the Palatini formalism where the metric and con-
nection are two independent variables. In the general relativity 
limit, these two different formalisms give the same ﬁeld equa-
tion [38]. This may however change if the gravity is modiﬁed. For 
example, in the f (R) theory of gravity, where f is an arbitrary 
function of R , the metric formalism gives a fourth order differen-
tial equation, while the Palatini formalism leads to a second order 
one [6,7]. Thus, the latter can automatically pass the solar system 
tests.
Since the f (R) theory of gravity gives rise to different ﬁeld 
equations in the metric and Palatini formalisms and the ﬁeld equa-
tions in the latter are simpler, it is natural and interesting to con-
sider the extended quintessence with the Ricci scalar deﬁned in 
the Palatini formalism. In [39], Wang, Wu and Yu have studied this 
new extended quintessence, in which the Ricci scalar is deﬁned 
in the Palatini formalism rather than in the metric one. Through 
the dynamical analysis, they found that the effective equation of 
state of the new extended quintessence can cross the phantom di-
vide line, and moreover, it can realize an oscillation around the −1
line. This oscillatory behavior is a new feature different from that 
of the previous extended quintessence with the Ricci scalar deﬁned 
in the metric formalism [14–17].
In this paper, we plan to analyze the cosmological perturba-
tions and the linear growth of matter in the extended quintessence 
with a coupling between the scalar ﬁeld and the Ricci scalar de-
ﬁned both in the metric and Palatini formalisms, and try to study 
the possibility of distinguishing these two different formalisms in 
the non-minimal case. The paper is organized as follows. In Sec-
tion 2, we provide a short review of the background equations of 
motion in both metric and Palatini formalisms. The linear pertur-
bations are studied in Section 3 and the corresponding numerical 
results are given in Section 4. We give a conclusion in Section 5. 
Throughout this paper, unless speciﬁed, we adopt the metric sig-
nature (−, +, +, +). Latin indices run from 0 to 3 and the Einstein 
convention is assumed for repeated index.
2. The background ﬁeld equations
We consider a non-minimal coupling between the scalar ﬁeld 
ϕ and gravity with the action taking the form
S =
∫
d4x
√−g
[
1
2κ2
f (ϕ, Rˆ) +Lϕ +Lm
]
, (1)
where κ2 = 8πG with G being the Newton constant, g is the 
determinant of metric gμν , and Lϕ and Lm represent the La-
grangians of the scalar ﬁeld and matter, respectively. The Ricci 
scalar is obtained from Rˆ = gμν Rˆμν , where Rˆμν is the Ricci ten-
sor and it is deﬁned in terms of the connection: Rˆμν = αμν,α −
αμα,ν + ααλλμν − αμλλαν . In the metric formalism, the metric 
tensor gμν is the only variable and the connection is the Levi-
Civita connection which is determined by gμν . Thus, Rˆ = R(gμν). 
While, in the Palatini formalism, since the metric and the con-
nection are two independent variables, Rˆ = Rˆ(gμν, λμν). The basic 
equations of the Palatini formalism can be found in Appendix A.
In the above action, f is an arbitrary function of the Ricci scalar 
Rˆ and the scalar ﬁeld ϕ . Here, we consider a special coupling be-
tween scalar ﬁeld and gravity
f = F (ϕ)Rˆ, F (ϕ) = 1+ ωκ2ϕ2 (2)
with ω being the coupling constant. If Rˆ is deﬁned in the metric 
formalism, then the nonminimal coupling corresponds to the usual extended quintessence [16]. If Rˆ is deﬁned in the Palatini formal-
ism however, the so-called new extended quintessence is obtained 
[39]. When ω = 0, the action reduces to that in general relativity.
Varying the action (1) with respect to the metric tensor gμν , 
we get the ﬁeld equations
F Rˆμν − 1
2
f gμν − (1− ξ)(∇μ∇ν F − gμν∇σ∇σ F )
= κ2
[
T (ϕ)μν + T (m)μν
]
, (3)
where ξ = 0 or 1 corresponds to the metric formalism or the Pala-
tini one, respectively, ∇μ is the usual covariant derivative related 
to the Levi-Civita connection, T (m)μν is the energy–momentum ten-
sor of matter
T (m)μν = − 2√−g
δ(
√−gLm)
δgμν
, (4)
and T (ϕ)μν is the energy–momentum tensor of the scalar ﬁeld, which 
has the form
T (ϕ)μν = ∇μϕ∇νϕ − gμν
[
1
2
(∂ϕ)2 + V
]
, (5)
according to Lϕ = − 12 (∂ϕ)2−V (ϕ), where V (ϕ) is the potential of 
the scalar ﬁeld. Using the metric Einstein tensor Gμν = Rμν − 12 Rgμν , 
where Rμν and R are deﬁned in the metric formalism, Eq. (3) can 
be rewritten in the standard form
Gμν = κ2
[
Tμν
(ϕ) + Tμν (m) + Tμν (eff )
]
, (6)
where Tμν
(eff )
is an effective energy–momentum tensor deﬁned as
Tμν
(eff ) = 1
κ2
[
(1− F )Rμν + ∇μ∇ν F + 12δ
μ
ν (F R − R − 2∇σ∇σ F )
+ ξ
(
− 3
2
∇μF∇ν F
F
+ 3
4
δ
μ
ν
∇σ F∇σ F
F
)]
. (7)
It is easy to see that in the limit of general relativity (ω → 0 and 
F → 1), Tμν (eff ) = 0 and two different formalisms give the same 
ﬁeld equations.
Now, we consider a spatially ﬂat, homogeneous and isotropic 
universe described by the Friedmann–Lemaitre–Robertson–Walker 
(FLRW) metric
ds2 = −dt2 + a(t)2δi jdxidx j , (8)
where t is the cosmic time and a(t) is the cosmic scale factor. 
Thus, the background equations can be found from (0, 0) and (i, j)
components of Eq. (6) [19,20,28,39]:
H2 = κ
2
3
ρm + κ
2
3
(
1
2
ϕ˙2 + V
)
− H F˙ − ωκ2H2ϕ2 − ξ F˙
2
4F
, (9)
−3H2 − 2H˙ = κ2
(
1
2
ϕ˙2 − V
)
+ 2H F˙ + F¨
+ ωκ2ϕ2(3H2 + 2H˙) − ξ 3 F˙
2
4F
. (10)
Here, H = a˙a is the Hubble parameter, and a dot denotes the deriva-
tive with respect to the cosmic time. In the above equations, we 
neglect the tiny radiation in the present universe and only con-
sider the pressureless matter including baryonic matter and dark 
matter, and use ρm to describe the corresponding energy density, 
which satisﬁes the canonical continuity equation
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The dynamical equation of the scalar ﬁeld has the form [30,31]
ϕ¨ + 3Hϕ˙ + V ,ϕ − F ,ϕ
2
Rˆ = 0 , (12)
where Rˆ = 12H2 + 6H˙ + ξ(− 3 F˙ 2
2F 2
+ 3 F¨F + 9H F˙F
)
, and the subscript 
ϕ represents the derivative with respect to the scalar ﬁeld, i.e., 
V ,ϕ = dVdϕ . Using Eqs. (9) and (10), we obtain a useful relation
H˙
H2
= − κ
2
2F H2
(ρm + ϕ˙2) + 1
2
F˙
H F
− 1
2
F¨
F H2
+ ξ 3 F˙
2
4F 2H2
. (13)
To analyze the cosmic background evolution, we introduce four 
dimensionless variables
x1 = κϕ˙√
6H
, x2 = κ
√
V√
3H
, x3 = κ
√
ρm√
3H
, x4 = κϕ . (14)
Here, for simplicity, we consider an exponential potential and as-
sume 
V ,ϕ
V = γ with γ being a constant. Therefore the Friedmann 
equation (Eq. (9)) can be re-expressed as
1= x21 + x22 + x23 − 2
√
6ωx1x4 − ωx24 − 6ξω2
x21x
2
4
1+ ωx24
, (15)
and this indicates that only three of four new dimensionless vari-
ables are independent. Differentiating these new dimensionless 
variables with respect to the number of e-foldings N = lna gives:
dx1
d lna
= c√
6
− bx1 , (16)
dx2
d lna
=
√
6
2
γ x1x2 − bx2 , (17)
dx3
d lna
= −3
2
x3 − bx3 , (18)
dx4
d lna
= √6x1 . (19)
Here c and b are deﬁned as
c ≡ −3√6x1 − 3γ x22 +
3ωξx4
1+ ωx24
(x23 − 2x21 + 4x22)
+ 3ω(1− ξ)x4
1+ ωx24 + 6ω2x24
(8
√
6ωx1x4 + 6γωx22x4 − 3x23
− 6x21 − 12ωx21 + 4+ 4ωx24) (20)
and
b ≡ − 1
2(1+ ωx24)
(3x23 + 6x21 + 12ωx21 − 2
√
6ωx1x4 + 2cωx4)
+ 18ξω2
(
x1x4
1+ ωx24
)2
. (21)
Solving numerically any three of Eqs. (16), (17), (18), (19), we 
can obtain the background evolution of our Universe with a non-
minimally coupled scalar ﬁeld dark energy.
3. Linear perturbations
In this section, we study the linear perturbations in both the 
metric and Palatini formalisms by assuming the perturbed FLRW 
metric to be
ds2 = −(1+ 2)dt2 + a(t)2(1+ 2)δi jdxidx j , (22)where the Newton gauge is taken,  is the so-called Bardeen po-
tential, and  represents the perturbation to the spatial curvature. 
In addition, we use δϕ to represent the perturbation of the scalar 
ﬁeld, which satisﬁes
δϕ¨ + 3Hδϕ˙ +
[
k2
a2
+ 1
2
(
2V − f
κ2
)
,ϕϕ
]
δϕ
= ϕ˙(˙ − 3˙) − (2V − f
κ2
)
,ϕ
 + F ,ϕ
2κ2
δ R˜ , (23)
in the Fourier space, where k represents the wavenumber and
δ R˜ = −2 A˙ − 8HA +
(
2
k2
a2
− 6H˙
)
 + 4k
2
a2

+ ξ
[(
−6 F¨
F
− 18H F˙
F
+ 3 F˙
2
F 2
)
 + 9 F˙
F
˙
− 3 F˙
F
˙ + 3
(
F˙ 2
F 2
− 3H F˙
F
− F¨
F
+ k
2
a2
)
δF
F
+ 3
(
3H − F˙
F
)
δ F˙
F
+ 3δ F¨
F
]
. (24)
Here for convenience we deﬁne
A ≡ 3(H − ˙) . (25)
The perturbed energy–momentum tensor of pressureless matter 
can be expressed as
T 0(m)0 = −(ρm + δρm), T 0(m)i = −T i(m)0 = ρmvi , (26)
with vi = a dxidt being the peculiar velocity of matter. The density 
contrast δm ≡ δρmρm satisﬁes the same equation as that in general 
relativity
δ¨m + 2H δ˙m = −k
2
a2
 − 3¨ − 6H˙ . (27)
Perturbation equations can be achieved by perturbing Eq. (6) in a 
similar way as that in the metric formalism [16,19,28,30], and its 
(0, 0) component gives(
2H + F˙
F
)
A − 2k
2
a2
 +
(
3H
F˙
F
− κ2 ϕ˙
2
F
)
 + ξ 3 F˙
2
2F 2

= 1
F
{
−κ2δρm − κ2ϕ˙δϕ˙ − 1
2
(2κ2V − f ),ϕδϕ
+
(
k2
a2
+ 3H2 − 1
2
R
)
δF + 3Hδ F˙ + ξ 3 F˙
2F
δ F˙
− 1
2
ξ
(
3
F¨
F
+ 9H F˙
F
)
δF
}
. (28)
The (0, i) component represents the momentum density
A + 3 F˙
2F
 = 3
2F
[
κ2ρmv + κ2ϕ˙δϕ − HδF + δ F˙ − ξ 3 F˙
2F
δF
]
.
(29)
The (i, j) components can be divided into two parts. One comes 
from i = j and has the form
− −  = 1
F
δF . (30)
The other, corresponding to i = j, represents the momentum ﬂux
Y. Fan et al. / Physics Letters B 746 (2015) 230–236 233Fig. 1. Evolutions of the gravitational potential /i , where i is the initial value of  , with respect to the redshift z. Left and right panels represent k = 0.01h Mpc−1 and 
0.001h Mpc−1, respectively. The red, blue, and purple lines correspond to ω = −0.5, −0.2, and 0.2, respectively. Dashed and solid lines correspond to the metric and Palatini 
formalisms, respectively. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)2 A˙ +
(
6H + 2 F˙
F
)
A − 2k
2
a2

+
(
6H˙ + 6H F˙
F
+ 6 F¨
F
+ 3κ2 ϕ˙
2
F
− 2k
2
a2
)

+ 3 F˙
F
˙ − ξ 9 F˙
2
2F 2

= 1
F
{
3κ2ϕ˙δϕ˙ − 3
2
(2κ2V − f ),ϕδϕ
+
(
2
k2
a2
− 9H2 − 3H˙
)
δF + 6Hδ F˙ + 3δ F¨
− ξ
(
9 F¨
2F
δF + 27H F˙
2F
δF + 9 F˙
2F
δ F˙
)}
. (31)
4. Numerical results
From Eq. (30), one can obtain
 = − − F ,ϕ
F
δϕ . (32)
Thus, in the perturbation equations, there are only three indepen-
dent variables (, δϕ , and δm). Substituting Eq. (32) into Eqs. (23), 
(27), (31) gives a set of equations to be solved together. Since these 
equations are dependent on the background evolution, we ﬁrst 
solve numerically Eqs. (16), (17), (19). In our calculation, we set 
γ = −1, and choose suitable initial conditions to make sure that 
the current matter density is m0 = 0.30. Figs. 1, 2 show the re-
sults. In Fig. 1, we plot the evolutionary curves of the gravitational 
potential /i , where i is the initial value of  , with different 
coupling constants and different wavenumbers. The dashed and 
solid lines show the results of the metric and Palatini formalisms, 
respectively, with the black dotted line representing the mini-
mally coupled case. The red, green and purple lines correspond to 
ω = −0.5, −0.2 and 0.2, respectively, and the left and right panels 
correspond to k = 0.01h Mpc−1 and 0.001h Mpc−1, respectively. 
As expected, in the matter dominated era (z > 1) the gravitational 
potential is a constant. With the energy density of dark energy 
becoming more and more important at the low redshift, the grav-
itational potential becomes smaller and smaller and the effect of 
non-minimal coupling becomes more and more apparent. In the 
metric formalism, from the dashed line of Fig. 1, we ﬁnd that for 
a positive coupling constant the gravitational potential is smaller 
than that of the minimal coupled case, and for a negative one, it Fig. 2. Evolutions of the matter density perturbation δm/δmi with respect to the red-
shift z for different wavenumbers k with ω = −0.2, where δmi is the initial value 
of δm . The red solid and black dashed lines represent the metric and Palatini non-
minimally coupled models, respectively. From top to bottom, the lines correspond 
to k = 0.01h Mpc−1, 0.001h Mpc−1, and 0.0001h Mpc−1, respectively. (For inter-
pretation of the references to color in this ﬁgure legend, the reader is referred to 
the web version of this article.)
is larger. While in the Palatini formalism, this property disappears, 
for example, in the case of k = 0.01h Mpc−1 both a positive and 
a negative coupling constant lead to a smaller value of gravita-
tional potential than that of minimally coupled case. At the scale 
(k = 0.01h Mpc−1), the deviation from the minimal coupling in 
the Palatini formalism is larger than that in the metric formalism, 
and it is just the opposite at the larger scale (k = 0.001h Mpc−1). 
Fig. 2 shows the evolutions of matter density perturbation with 
respect to the redshift at different scales, in which red solid and 
black dashed lines represent the results of the metric and Palatini 
non-minimal coupling with ω = −0.2. This ﬁgure indicates that 
the metric and Palatini formalisms almost give the same behavior.
Now, we study the matter growth on small scales limit k  aH . 
Using the quasi-static approximation [27]
| X˙ | |HX |, for X = ,,ϕ, F , F˙ , (33)
Eq. (27) reads
δ¨m + 2H δ˙m + k
2
a2
 	 0 . (34)
And, from Eqs. (23), (24) and (28) we obtain the following relations
k2
a2
δϕ 	 1
2
F ,ϕδR , (35)
δR 	 2k
2
2
(
 + 2 + ξ 3F ,ϕ δϕ
)
, (36)a 2F
234 Y. Fan et al. / Physics Letters B 746 (2015) 230–236−2k
2
a2
F 	 k
2
a2
F ,ϕδϕ − κ2ρmδm . (37)
For the general scalar–tensor dark energy the contributions of V ,ϕ
and V ,ϕϕ can be neglected [27,40,41]. Substituting Eq. (36) into 
Eq. (35) gives
δϕ = 2F F ,ϕ
2F − 3ξ F 2,ϕ
( + 2) . (38)
Using Eq. (30), we obtain
δϕ = 2F F ,ϕ
2F − 3ξ F 2,ϕ + 2F 2,ϕ
 = − 2F F ,ϕ
2F − 3ξ F 2,ϕ + 4F 2,ϕ
 . (39)
Substituting the above expression into Eq. (37), one can get
k2
a2
(
1+ F
2
,ϕ
2F − 3ξ F 2,ϕ + 2F 2,ϕ
)

= κ
2
2F
ρmδm = −k
2
a2
(
1− F
2
,ϕ
2F − 3ξ F 2,ϕ + 4F 2,ϕ
)
 . (40)
Rewriting the modiﬁed density perturbation equation as
δ¨m + 2H δ˙m − 4πGeffρmδm = 0 , (41)
where Geff is the effective Newton’s constant, and using Eq. (40), 
we obtain
Q ≡ Geff
G
= 1
F
2F − 3ξ F 2,ϕ + 4F 2,ϕ
2F − 3ξ F 2,ϕ + 3F 2,ϕ
. (42)
Thus, in the metric formalism, the effective Newton constant has 
the form
Geff = 1F
2F + 4F 2,ϕ
2F + 3F 2,ϕ
G , (43)
which is the same as that obtained in [27,28,36]. While, in the 
Palatini formalism,
Geff = 1F
2F + F 2,ϕ
2F
G . (44)
It is easy to see that the metric and Palatini formalisms give differ-
ent effective Newton gravitational constants. In the minimal cou-
pling case ω = 0, the effective gravity constant Geff reduces to the 
Newton’s constant G as expected.
Fig. 3 shows the evolutions of Geff /G with respect to z. Dashed 
and solid lines represent the results of the metric and Palatini 
formalisms, respectively. Red and purple lines correspond to ω =
−0.5 and 0.2, respectively. It is easy to see that Geff are almost 
the same in both the metric and Palatini formalisms although they 
have different expressions (see Eqs. (43) and (44)). The proper-
ties of Geff are independent of the formalisms. A negative cou-
pling will enhance the gravitational interaction, while a positive 
one will weaken it. At the redshift z > 2, Geff /G reaches 1, which 
means that deep in the matter dominated era the effective New-
ton’s constant equals to G . Thus, deep in the matter dominated 
era, the solution of Eq. (41) indicates that the matter density per-
turbation goes like δm ∝ a. Thus, we have δρm = ρmδm ∝ a−2 and 
 	  ∼ constant in time. The latter can also be found in Fig. 1.
To study the linear growth of matter perturbations, one can 
deﬁne the growth as δ = δm(a)/δm(ai), which is the ratio of the 
perturbation amplitude at some scale factor relative to the initial 
one. Since δ(a) ∼ a during the matter dominated era, we intro-
duce an a-independent variable g(a) = δa in the matter era. Then, 
Eq. (41) can be rewritten asFig. 3. Evolutions of Geff /G with respect to the redshift z. Dashed and solid lines 
show the results of metric and Palatini formalisms, respectively. Red and purple 
lines correspond to ω = −0.5 and 0.2, respectively. (For interpretation of the refer-
ences to color in this ﬁgure legend, the reader is referred to the web version of this 
article.)
d2g
d lna2
+
(
H˙
H2
+ 4
)
dg
d lna
+
(
3+ H˙
H2
− 3
2
Q m
)
g = 0 , (45)
with the initial conditions being g(ai) = 1 and dg/d lna|a=ai = 0.
Fig. 4 shows the evolutionary curves of the growth rate δ. The 
dashed and solid lines correspond to the results from the met-
ric and Palatini formalisms, respectively. The red, blue and purple 
lines correspond to ω = −0.5, −0.2, and 0.2, respectively. The dot-
ted line shows the result of the minimal coupling (ω = 0). One 
can see that a negative coupling constant leads to a larger growth 
than a positive one. This property becomes more apparent in the 
Palatini formalism. The inserted ﬁgure in the right panel shows 
that the metric and Palatini formalisms give different linear growth 
rates, but the difference is very small and the current observation 
cannot distinguish them.
5. Conclusion
In this paper, we have studied in detail the cosmological per-
turbations of the non-minimally coupled quintessence dark energy 
in both the metric and Palatini formalisms, which give the same 
equations in the minimally coupled case. We ﬁnd that at the high 
redshift the gravitational potential is a constant. With the energy 
density of dark energy becoming more and more important in the 
low redshift region, the gravitational potential becomes smaller 
and smaller and the effect of the non-minimal coupling becomes 
more and more apparent. In the metric formalism the value of the 
gravitational potential in the non-minimally coupled case with a 
positive coupling constant is less than that in the minimally cou-
pled case, while it is larger if the coupling constant is negative. 
This is different from that in the Palatini formalism where the 
value of the gravitational potential is always less than that for 
the minimally coupled quintessence. At a scale (k = 0.01h Mpc−1) 
the non-minimal coupling in the Palatini formalism leads to a 
larger deviation of the gravitational potential from the minimal 
coupling than in the metric formalism, while at a larger scale 
(k = 0.001h Mpc−1) it is just opposite.
Using the quasi-static approximation on sub-horizon scales, the 
matter linear growth is also analyzed. The effective Newton’s con-
stants in the metric and Palatini formalisms are obtained, which 
have different expressions, as shown in Eqs. (43), (44). We obtain 
that irrespective of the formalisms a negative coupling enhances 
the gravitational interaction, while a positive one weakens it. Fig. 4
shows that a negative coupling leads to a larger growth than a 
positive one. This property becomes more apparent in the Palatini 
formalism. Although the metric and Palatini formalisms give differ-
ent linear growth rates, the difference is very small and the current 
Y. Fan et al. / Physics Letters B 746 (2015) 230–236 235Fig. 4. Evolutions of the matter growth rate δ in the metric (left panel) and Palatini (right panel) formalisms with respect to the redshift z. The red, blue, and purple 
lines correspond to ω = −0.5, −0.2 and 0.2, respectively. The dotted line shows the result of minimally coupled quintessence. In the inserted ﬁgure of the right panel, 
a comparison between the metric and Palatini formalisms is given. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web 
version of this article.)observation is very hard to distinguish them. Therefore, to distin-
guish these two different nonminimally coupled quintessences, we 
need to analyze other effects, such as the integrated Sachs–Wolfe 
effect, spherical collapse, and so on, which are left for future in-
vestigation.
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Appendix A. The basic equations in the Palatini formalism
The action in the Palatini formalism can be found in Eq. (1). 
Since the metric and the connection are two independent vari-
ables, varying the action with respect to the metric gμν and the 
connection αμν gives two equations:
F Rˆμν − 1
2
f gμν = κ2
[
T (ϕ)μν + T (m)μν
]
, (A.1)
∇ˆλ(√−gF gμν) = 0. (A.2)
Eq. (A.2) indicates that one can deﬁne a new metric hμν confor-
mally connected to gμν by hμν = F gμν . Then Eq. (A.2) becomes
∇ˆλ(
√
−hhμν) = 0 , (A.3)
which means that λμν can be expressed as the Levi-Civita connec-
tion with respect to the new metric hμν
λμν =
1
2
hλρ(hμρ,ν + hνρ,μ − hμν,ρ) . (A.4)
Thus, from the deﬁnitions of the Ricci scalar and Ricci tensor, one 
can obtain
Rˆμν() = Rμν + 3
2
∇μF∇ν F
F 2
− ∇μ∇ν F
F
− gμν ∇σ∇
σ F
2F
, (A.5)
Rˆ() = R + 3
2
∇σ F∇σ F
F 2
− 3∇σ∇
σ F
F
, (A.6)
∇μ is the usual covariant derivative related to the Levi-Civita con-
nection, Rμν and R are the Ricci tensor and Ricci scalar in the 
metric formalism.
Inserting Eq. (A.5) into Eq. (A.1), we getGμν = κ2[Tμν (ϕ) + Tμν (m) + Tμν (eff )] , (A.7)
with
Tμν
(eff ) = 1
κ2
(
(1− F )Rμν − 32
∇μF∇ν F
F
+ ∇μ∇ν F
+ 1
2
δ
μ
ν
[
(F − 1)R − 2∇σ∇σ F + 3
2
∇σ F∇σ F
F
])
. (A.8)
The (0, 0) and (i, j) components of Eq. (A.7) are:
H2 = κ
2
3
ρm + κ
2
3
(
1
2
ϕ˙2 + V
)
− H F˙ − ωκ2H2ϕ2 − F˙
2
4F
, (A.9)
−3H2 − 2H˙ = κ2
(
1
2
ϕ˙2 − V
)
+ 2H F˙ + F¨
+ ωκ2ϕ2(3H2 + 2H˙) − 3 F˙
2
4F
. (A.10)
Perturbing Eq. (A.7), we obtain four perturbation equations. The 
(0, 0) component is(
2H + F˙
F
)
A − 2k
2
a2
 +
(
3H
F˙
F
− κ2 ϕ˙
2
F
+ 3 F˙
2
2F 2
)

= 1
F
{
− κ2δρm − κ2ϕ˙δϕ˙ − 1
2
[
(2κ2V − f ),ϕ
]
δϕ
+
(
k2
a2
+ 3H2 − 3 F˙
2
4F 2
− 1
2
Rˆ
)
δF +
(
3H + 3 F˙
2F
)
δ F˙
}
. (A.11)
The (0, i) component has the form
A + 3 F˙
2F
 = 3
2F
[
κ2ρmv + κ2ϕ˙δϕ −
(
H + 3 F˙
2F
)
δF + δ F˙
]
.
(A.12)
The (i, j) components have two equations. If i = j,
− −  = 1
F
δF . (A.13)
When i = j, the result is
2 A˙ +
(
6H + 2 F˙
F
)
A − 2k
2
a2

+
(
6H˙ + 6H F˙ + 6 F¨ + 3κ2 ϕ˙
2
− 2k
2
2
− 9 F˙
2
2
)
 + 3 F˙ ˙F F F a 2F F
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F
{
3κ2ϕ˙δϕ˙ − 3
2
(2κ2V − f ),ϕδϕ
+
(
2
k2
a2
+ 9H2 + 6H˙ − 9 F˙
4F 2
− 3
2
Rˆ
)
δF
+
(
6H − 9 F˙
2F
)
δ F˙ + 3δ F¨
}
. (A.14)
Here Rˆ = 12H2 + 6H˙ − 3 F˙ 2
2F 2
+ 3 F¨F + 9H F˙F . Perturbing Rˆ = gμν Rˆμν
gives
δ Rˆ = −2 A˙ − 8H A +
(
2
k2
a2
− 6H˙ − 6 F¨
F
− 18H F˙
F
+ 3 F˙
2
F 2
)

+ 4k
2
a2
 + 9 F˙
F
˙ − 3 F˙
F
˙
+ 3
F
[(
F˙ 2
F 2
− 3H F˙
F
− F¨
F
+ k
2
a2
)
δF
+
(
3H − F˙
F
)
δ F˙ + δ F¨
]
. (A.15)
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